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Abstract

The aim of this work is to develop and test tuned finite-
difference and interpolation schemes for large-eddy simulation
of incompressible turbulent flows on staggered grids using the
stretched-vortex subgrid model. Results from large-eddy simu-
lations of isotropic homogeneous turbulence confirm that stan-
dard explicit schemes have a significant effect on resolved-scale
statistics, whereas the tuned schemes tend to produce more self-
consistent results.

Introduction

A large-eddy simulation (LES) is a numerical simulation of a
turbulent flow using a grid that is too coarse to resolve the
full range of spatial scales. Such simulations are useful when
it would be computationally impracticable to resolve the full
range of scales, as is typically the case for high Reynolds num-
ber flows. The effects of the unresolved subgrid scales must be
accounted for by means of a subgrid model and this involves a
certain degree of approximation. Many such models have been
proposed. In this study, we focus on the stretched-vortex model
developed by Pullin and coworkers [7, 11, 10, 3, 1, 2].

Staggered grids are often used in the simulation of incompress-
ible flows because they help to avoid unphysical pressure os-
cillations and have good discrete conservation properties [8].
These properties are especially desirable for large-eddy sim-
ulations of incompressible flows. On a collocated grid, pres-
sure oscillations are often controlled by numerical schemes that
introduce artificial energy dissipation. Dissipative numerical
schemes have the potential to overwhelm subgrid models, as
is observed in LES of compressible flows [4].

The performance of standard explicit low-order finite-difference
schemes in large-eddy simulations of turbulent flows is some-
times limited by the ability of these schemes to resolve high
wavenumber modes. High resolution implicit finite-difference
or spectral schemes are often used to avoid this problem. How-
ever, it is sometimes desirable to use explicit schemes, either
because they are supported by existing software, or because
they are efficient when implemented on parallel machines, for
example. In that case, it is possible to use specially tuned ex-
plicit finite-difference schemes in which order of accuracy is
sacrificed in favour of improved resolution at high wavenum-
ber. Such schemes have been developed for collocated grids by
Hill and Pullin [4], who constructed schemes that minimised the
discretisation error in turbulent flows.

Standard finite-difference schemes have excellent resolution
properties on staggered grids. However, when these are com-
bined with the necessary interpolation schemes, the effective
resolution properties are similar to those of standard finite-
difference schemes on collocated grids [9].

The aim of this work is to develop and test tuned finite-
difference and interpolation schemes for large-eddy simulation
of incompressible turbulent flows on staggered grids using the
stretched-vortex subgrid model. This is done by emulating
the modified wavenumber behaviour of the tuned collocated

schemes developed by Hill and Pullin [4].

Governing equations

The governing equations for large-eddy simulation of an incom-
pressible flow are

∂u j

∂x j
= 0, (1a)

∂ui

∂t
+

∂uiu j

∂x j
=−∂p/ρ

∂xi
+

∂τi j

∂x j
−

∂Ti j

∂x j
, (1b)

where xi and ui are the components of the Eulerian position and
velocity vectors, respectively, p is the pressure, τi j is the viscous
stress tensor given by

τi j = ν

[
∂ui

∂x j
+

∂u j

∂xi

]
(2)

and ν is the kinematic viscosity. In the derivation of the govern-
ing equations, overbars denote the filtering operation

f =
∫

G(x− x′) f (x′)dx′, (3)

where G is a filter kernel. It is assumed that the filtered variables
correspond to the resolved-scale quantities obtained in an actual
LES. The additional term,

Ti j = uiu j−uiu j, (4)

is the subgrid stress.

The stretched-vortex subgrid stress model of Misra & Pullin [7]
is used to close equation (1b). The subgrid stress is

Ti j = K(δi j− ev
i ev

j) (5)

where K is the subgrid kinetic energy per unit mass, and ev
i are

the components of a unit vector that is aligned with the subgrid
vortex axis.The subgrid kinetic energy is

K =
∫

∞

kc

E(k)dk, (6)

where k is the wavenumber, kc = π/∆ is the cut-off wavenum-
ber, E(k) is the spectrum of the Lundgren spiral vortex,

E(k) = K0ε
2/3k−5/3e−λ2

νk2
, (7)

K0 is the Kolmogorov prefactor, ε is the local cell-averaged
dissipation rate, λ2

ν = 2ν/(3|a|), a = ev
i ev

jSi j is the axial strain
along the subgrid vortex axis [11] and Si j is the resolved rate-of-
strain tensor. The parameters K0ε2/3 and a are calculating using
procedures described by Mattner [6]. Subgrid vortices are as-
sumed to align either with the principal extensional eigenvector
of the resolved rate-of-strain tensor, Si j, or the resolved vortic-
ity vector, ω, according to a model given by Kosovic, Pullin and
Samtaney [5].
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Figure 1: Modified wavenumber for standard staggered finite-
difference schemes (14), (12) and (10) (Staggered 2, Staggered
4 and Staggered 6, respectively) and the standard second-order
collocated finite difference scheme (Collocated 2).

Numerical methods

A conventional staggered grid arrangement is used in which the
velocity components are located on cell faces and the pressure
and other scalar variables are located at cell centres. The grid is
uniformly spaced in each direction.

Explicit finite-difference schemes are used to discretise the
derivatives in the governing equations. Staggered schemes for
the first derivative are given by

f ′j = a
f j+ 1

2
− f j− 1

2

∆
+b

f j+ 3
2
− f j− 3

2

3∆
+ c

f j+ 5
2
− f j− 5

2

5∆
, (8)

where f j = f (x j), x j = j∆, ∆ is the grid spacing, a, b and c are
coefficients and f ′j ≈ f ′(x j). Eliminating successively higher
order terms in the Taylor series about x j yields

a+b+ c = 1 at O(∆2), (9a)

a+9b+25c = 0 at O(∆4), (9b)

a+81b+625c = 0 at O(∆6). (9c)

Satisfying all three equations yields the sixth-order accurate
schemes whose coefficients are

a =
150
128

, b =− 25
128

, c =
3

128
. (10)

Ignoring (9c) yields a single-parameter family of fourth-order
accurate schemes,

a =
9
8
+2c, b =−1

8
−3c. (11)

This includes the standard fourth-order accurate scheme given
by

a =
9
8
, b =−1

8
, c = 0. (12)

Ignoring (9b) and (9c) yields a two-parameter family of second-
order accurate schemes,

a = 1−b− c. (13)

This includes the standard second-order accurate scheme given
by

a = 1, b = 0, c = 0. (14)
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Figure 2: Transfer functions for interpolation schemes (14),
(12) and (10) (Staggered 2, Staggered 4 and Staggered 6, re-
spectively).

Explicit interpolation schemes are used to to interpolate from
cell faces or vertices to cell centres and vice versa. These
schemes are given by

f̃ j = α

f j+ 1
2
+ f j− 1

2

2
+β

f j+ 3
2
+ f j− 3

2

2
+ γ

f j+ 5
2
+ f j− 5

2

2
, (15)

Eliminating successively higher order terms in the Taylor se-
ries about x j yields a system of equations that is analogous
to (9), except that a, b and c are replaced by α, β and γ, re-
spectively. Consequently, families of interpolation schemes of
varying accuracy can be constructed in the same way as (10)
through to (14).

Fourier analysis is used to quantify the resolution of these nu-
merical differentiation and interpolation schemes. Consider a
2π periodic function of the form

f (x) =
N/2−1

∑
k=−N/2

f̂keikx,

where N is the number of grid points and f̂k is the Fourier coef-
ficient corresponding to wavenumber k. The Fourier coefficient
of the staggered finite-difference approximation of the deriva-
tive (8) is ik′(k) f̂k, where k′(k) is the modified wavenumber
given by

k′(k)∆ = 2asin
(

k∆

2

)
+

2b
3

sin
(

3k∆

2

)
+

2c
5

sin
(

5k∆

2

)
.

(16)
For spectral differentiation, k′ = k. The Fourier coefficient of
the interpolated function represented by (8) is T (k) f̂k, where
T (k) is the transfer function given by

T (k) = αcos
(

k∆

2

)
+βcos

(
3k∆

2

)
+ γcos

(
5k∆

2

)
. (17)

For spectral schemes, T (k) = 1.

Staggered finite-difference schemes have excellent resolution
properties when compared to those of explicit collocated
schemes. Figure 1 shows the modified wavenumber of the stan-
dard second-, fourth- and sixth-order staggered finite-difference
schemes, as well as that of the standard second-order collocated
scheme f ′j = ( f j+1− f j−1)/(2∆). The staggered second-order
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Figure 3: Modified wavenumber of f̃ ′j for standard staggered
schemes (14), (12) and (10), (Staggered 2, Staggered 4 and
Staggered 6, respectively) compared with that of the standard
sixth-order collocated scheme. (Collocated 6)

scheme is clearly better at resolving high wavenumber modes
than the second-order collocated scheme.

Interpolation is used for evaluating the nonlinear and subgrid
stress terms in the governing equations (1) and this affects the
overall resolution. Figure 2 shows the transfer functions of the
standard second-, fourth- and sixth-order interpolation schemes.
Interpolation clearly attenuates the high wavenumber modes,
especially for the lower-order schemes.

The resolution of the composite staggered-grid finite-difference
and interpolation scheme is assessed by calculating the modi-
fied wavenumber of f̃ ′j , which is

k′(k)∆ =

[
a(α−β)+

b(α− γ)

3
+

cβ

5

]
sink∆

+

[
a(β− γ)+

αb
3

+
αc)
5

]
sin2k∆

+

[
aγ+

bβ

3
+

cα

5

]
sin3k∆

+

[
bγ

3
+

cβ

5

]
sin4k∆+

cγ

5
sin5k∆. (18)

Although the full details of the implementation of the nonlinear
and subgrid stress terms are ignored, this simplified approach
is nevertheless useful for comparing the resolution of staggered
schemes with their collocated counterparts [9]. Figure 3 shows
the modified wavenumber of the composite second-, fourth- and
sixth-order staggered schemes, as well as that of the standard
sixth-order collocated scheme. The resolution of these com-
posite schemes is very similar to that of standard collocated
schemes for the same order of accuracy.

Tuned schemes are obtained by sacrificing order of accuracy
in favour of improved modified wavenumber performance for a
given stencil. A tuned second-order staggered finite-difference
scheme with a four-point stencil is obtained by setting c = 0
and using b in (13) as the tuning parameter. Likewise, a tuned
second-order interpolation operator is obtained by setting γ = 0
and using β as the tuning parameter. Tuned fourth-order stag-
gered finite-difference and interpolation operators with a six-
point stencil are obtained by using c in (11) and γ as tuning
parameters. In this exploratory study, the tuning parameters
are adjusted so that the modified wavenumber of the compos-
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Figure 4: Modified wavenumber of f̃ ′j for the second and fourth-
order tuned staggered schemes (Staggered 2T, Staggered 4T),
fourth and sixth-order standard staggered schemes (Staggered
4, Staggered 6) and second and fourth-order tuned collocated
schemes of Hill & Pullin [4].

ite scheme is similar that of the collocated schemes obtained by
Hill & Pullin [4]. The tuned second-order schemes used here
are given by

a = 1.27, b =−0.27, c = 0,
α = 1.22, β =−0.22, γ = 0. (19)

The tuned fourth-order schemes used here are given by

a = 1.295, b =−0.38, c = 0.085,
α = 1.245, β =−0.305, γ = 0.06. (20)

Figure 4 shows the modified wavenumber of the tuned com-
posite schemes, together with the tuned collocated schemes
obtained by Hill & Pullin [4] and the standard fourth and
sixth-order composite schemes. For this choice of parameters,
the modified wavenumber behaviour of the tuned composite
schemes is similar to that of the tuned collocated schemes.

A third-order low-storage Runge–Kutta scheme is used for tem-
poral integration. A Poisson equation for the pressure is solved
at each substep in order to enforce the incompressibility con-
straint (1a). The nonlinear terms are evaluated using the skew-
symmetric form in order to minimise aliasing. The subgrid
model is evaluated at cell-centres by interpolating components
of the velocity and velocity gradient tensor to the cell centres.

Results and discussion

The results presented here are obtained from simulations of
three-dimensional decaying homogeneous isotropic turbulence
using the stretched-vortex model with the standard second,
fourth and sixth-order staggered finite-difference and interpo-
lation schemes, as well as the second and fourth-order tuned
staggered finite-difference and interpolation schemes. All sim-
ulations were run in a triply-periodic domain using 323 grid
points. The initial velocity field was solenoidal, with a spec-
trum of the form

A
(

k
k0

)4
exp

[
−2
(

k
k0

)2
]
,

where A is an amplitude and k0/kc = 1/4, and randomly gen-
erated phase angles. The initial Reynolds number was Reλ =
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Figure 5: Resolved turbulent kinetic energy for standard sec-
ond, fourth and sixth-order staggered schemes (2, 4 and 6,
respectively) and second and fourth-order tuned staggered
schemes (2T and 4T, respectively).

u′λ/ν = 1000, where u′ is the root-mean-square velocity fluc-
tuation and λ is the Taylor microscale.

Figure 5 shows the evolution of the resolved tubulent kinetic
energy normalised by its intial value. There is a consider-
able difference between the standard second-order scheme and
the other standard schemes. The standard fourth and sixth-
order schemes are more consistent, as are the tuned second and
fourth-order schemes, but there is a noticeable gap between the
standard and tuned schemes.

Figure 6 shows the shell-summed energy spectrum at time t = 1.
Once again, there is a sizeable difference between the standard
second-order scheme and the other schemes, with a smaller dif-
ference between the fourth and sixth-order standard schemes
and the tuned schemes. By t = 1, the tuned schemes produce
spectra with a slope that is close to −5/3, except at the high-
est resolved wavenumbers, where there is a distinctive upturn.
Somewhat smaller upturns are evident in the spectra presented
by Hill, Pantano and Pullin [3], where they are attributed to
aliasing.

These results support previous conclusions [e.g. 5, 4] that large-
eddy simulations using the stretched-vortex model are sensitive
to numerical discretisation. It is encouraging that the tuned
schemes produce self-consistent results, as this suggests that the
tuned schemes are adequately resolving the flow. Comparison
with a spectral calculation and inclusion of subgrid-scale con-
tributions to the statistics would be more conclusive.

Conclusions

The explicit tuned staggered finite-difference and interpolation
schemes used in this study emulate the modified wavenumber
behaviour of collocated schemes that minimise the discreti-
sation error in a large-eddy simulation. These schemes lead
to self-consistent simulations of isotropic homogeneous turbu-
lence on a staggered grid.
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